Quantum entanglement and non-locality are two special aspects of quantum correlations. The relationship between multipartite entanglement and non-locality is at the root of the foundations of quantum mechanics but there is still no general quantitative theory. In order to address this issue we analyze the relationship between tripartite non-locality and tripartite entanglement measure, called the three-tangle. We describe the states which give the extremal quantum values of a Bell-type inequality for a given value of the tripartite entanglement. Moreover, we show that such extremal states can be reached if one introduced an appropriate order induced by the three-π entanglement measure. Finally, we derive an analytical expression relating tripartite entanglement to the maximal violations of the Bell-type inequalities.
. None of the GHZ-class states can be transformed by local invertible operations into the W-class states and vice versa.
In this paper we investigate the problem of the restriction on the nonlocal correlations imposed on the tripartite qubit state with a given genuine tripartite entanglement (GTE). In other words, we ask, for a fixed Bell scenario, what is the best one can obtain optimizing over all possible quantum resources (states and measurements) preserving fixed entanglement properties [14] [15] [16] [17] [18] [19] [20] ? First attempts to determine the restriction on the nonlocal correlations for three-qubit states have been performed by Emary et al. 15 . It has been shown (in the frame of numerical and later analytical calculations 15, 17 ) that within the three-parameter pure GHZ subfamily |Φ〉 (discussed later) the upper and lower bounds of the maximal violation of the Bell-type inequalities for a given tripartite entanglement monotony (the three-tangle 21 ) are provided by the maximal slice (MS) states 22 and the generalized GHZ (GGHZ) states 12 , respectively. The Bell-type inequalities have been taken of the Mermin 23 and Svetlichny 4 form. However, for general three-qubit state |ψ〉 these results are no longer true 15 . Here, we establish the extremal quantum values of a Bell-type inequality in general case (henceforth referred to as the Tsirelson-like bound). As a primary entanglement measure we also use the three-tangle. Although, it should be mentioned that numerous approaches to define GTE measures have been proposed 24 , including the concepts of entropy vectors 25 , maximally entangled sets 26 or source and target volumes of reachable states 27 . Our motivation arise from several reason. First, the three-tangle is directly related with the monogamy of entanglement which has been proven to be a universal feature of single-copy entanglement that is deeply rooted in the algebraic structure of quantum theory 28 . Monogamy of entanglement find an applications in many areas of physics, such as quantum information and the foundations of quantum information mechanics [29] [30] [31] [32] , condensed-matter physics [33] [34] [35] , and even black-hole physics 36, 37 . Furthermore, the three-tangle is the only independent SL-invariant tripartite entanglement monotony 38 , i.e. it is invariant under SL(2, ) transformations on each qubit. Correspondingly, all pure three qubit states |ψ〉 with τ(ψ) = 0 and τ(ψ) ≠ 0 are locally equivalent to the W and GHZ state, respectively. Finally, the three-tangle is widely used in many quantum protocols, for instance, recently studied controlled teleportation and a minimal control power in controlled teleportation 39, 40 .
In present work we show that the Tsirelson-like bound can be estimated by simultaneous use of two GTE monotonous, namely, the three-tangle and three-π 41 which is a tripartite analog of the entanglement negativity [42] [43] [44] . For this purpose, we first present an extensive investigation of the quantitative relation between both GTE monotonous what is essentially important not only by fundamental implications [45] [46] [47] [48] but also by renewed interest in the GTE in terms of entanglement negativity in several contexts: the so-called "disentangling theorem" 49 , conformal field theory 50 and topological order 51, 52 , to name a few. Our results provide a motivation for further work on the understanding and physical interpretation of GTE for both the theoretical studies and practical applications 53 .
Theory
In order to facilitate the discussion of our results, we first briefly describe two GTE monotonous (three-tangle and three-π) and tripartite nonolcality measurements.
GTE monotonous.
The three-tangle, τ, has been derived from the three-qubit monogamy relation discovered by Coffman, Kundu and Wootters (CKW) 21 as a remanding entanglement that cannot be captured by the entanglement quantifiers of different reduced states of a composite quantum system (therefor, originally was called as the residual entanglement). For a tripartite pure state ψ μ
(hereafter the standard form) the three-tangle is written in the following form
represents the amount of bipartite entanglement between qubit A and the composite qubits BC quantified by the Wootters' concurrence 54 . The remaining two terms,  ρ ≡ ( )
AB AB
and ρ ≡ ( ) AC AC   , stand for the concurrences of the appropriate two-qubit reduced states. It is noteworthy that the three-tangle is independent on the choice of the indices that enter in the considered bipartition. It is because τ is invariant under permutations of subsystem indices. However, this peculiar symmetry ends if we consider for more general cases 21 . The three-tangle has also been proposed for mixed states via a convex-roof extension 55 of Eq. (1) on pure states
where the minimum is taken over all convex decompositions ρ φ φ = ∑ | 〉〈 | p i i i i . Note that the general investigation of mixed-state three-tangle has been proven to be notoriously difficult 56, 57 . Later, Ou and Fan 41 have shown that one can derive the analog of the CKW monogamy relation in terms of the entanglement negativity [42] [43] [44] and hence an alternative GTE measures can be proposed as
where π A denotes the tripartite entanglement with respect to the qubit A and  stands for entanglement negativity. The index A on the left-hand side comes from the fact that contrary to the three-tangle, here the permutation symmetry is broken even for N = 3. Therefore, the equation (3) can be written in the similar form with respect to qubits B (π B ) and C (π C ) taken as the focus, where in general π A ≠ π B ≠ π C . To make three-π invariant under permutations of the qubits the average of π A , π B and π C is taken
ABC A B C
It should be mentioned that π ABC , in a form presented above, can be applied for both pure and mixed states. However, for higher-dimensional mixed states the entanglement negativity cannot distinguish separable from PPT bound entangled states 58 i.e. a set of entangled states that cannot be distilled. In such cases,  i jk ( ) , where i, j and k are different from each other and i, j, k = {A, B, C}, may "underestimate" the amount of entanglement. Despite of that there is a large family of mixed entangled state for which negativity is sufficient to be entanglement measure and hence, the three-π can be used for such states.
Non-locality measurements. The analysis of the Bell-type inequalities based on absolute local realism for three-qubit states is complicated by the need to distinguish between bipartite and tripartite non-locality. To overcome this problem we have used the Svetlichny inequality 4 and (in order to confirm our predictions) the generalized Bell inequality based on the formalism proposed by Żukowski and Brucner 3 . An interesting difference between the two approaches has already been pointed out for instance in ref. 17 . Suppose now that we have an ensemble of three spatially separated qubits, and the measurement
c are unit vectors and σ σ σ σ → = { , , } x y z , where σ x , σ y and σ z are the Pauli operators associated with three orthogonal directions. If a theory is consistent with the hybrid nonlocal-local realism, then the expectation value for any three-qubit state is bounded by Svetlichny's inequality
where the Svetlichny operator is defined as , where α, β, γ = {0, x, y, z}, σ 0 refers to the identity operator and σ x , σ y and σ z are the Pauli. The coefficients T αβγ = tr(ρ σ α σ β σ γ ) are the elements of the extended three-qubit correlation tensor T . The necessary and sufficient condition for quantum state ρ to satisfy the generalized Bell inequalities is
for any set of local coordinate systems of three observers and for any set of unit
i x i y i 3, 59 . If the above relation is violated at least for one choice of local coordinate systems, no local realistic description of the tripartite correlation function is possible, in the case of any standard Bell experiment. Note that in Eq. (6) the sum is taken over any two orthogonal axes. To achieve this, one can choose, say, x and y directions and then perform arbitrary local transformations of the correlation tensor T (see refs 3, 59, 60 ). In particular, one can express such local transformations by mean of Euler theorem. The inequality (6) can be further simplified by mean of the Cauchy inequality applied to the middle term. As a result, one obtains
, , 2 which (in general) is just a sufficient condition for the existence of local description 3, 59 . We emphasize that throughout this paper the maximum expectation values of T, T′ and S (denoted as T max , ′ T max and S max ) are considered.
Results
Pure-state GTE distribution. Let us now discuss the relation between π ABC and τ for pure states in details.
For this purpose it is convenient to use the equality
proven in refs 41, 61 , where i, j, k = {A, B, C}. Then, π ABC (ψ) can be written as follow
where the sum is taken over all pairs ij. As we see, the difference between π ABC and τ is related to the simultaneous estimation of entanglement in all biqubit subsystems. It is known 62 , that for two-qubit states the following relations linking the concurrence and negativity are satisfied,
C N for all bipartite subsystems of a tripartite state |ψ〉, if such states exist in the entire range of τ. Moreover, since the negativity ij  can never exceed the concurrence  ij , the above condition determines the lower bound of the GTE distribution (i.e., π ABC vs τ). (ii) Similarly, one may expect that the upper bound of the GTE distribution is determined by the simultaneous fulfillment of the condition = f ( ) ij ij N C for all bipartite subsystems (if such states exist for any value of τ).
In order to verify these assumptions, it is convenient to represent an arbitrary three-qubit pure state |ψ〉 in the canonical parametrization proposed by Acín et al. 
i with real a, b, c, d, r ≥ 0, 0 ≤ φ ≤ π and standard normalization. For such state τ and all  ij can be easily computed as
The task of finding the analytical formula of the negativity ij  which is defined as twice the sum of the negative eigenvalue of the partially transposed state ρ ij T , is however not as simple in general case. To derive it we use the fact that for two-qubit state ρ ij T has no more than one negative eigenvalue, and thus the negativity satisfies the quartic polynomial equation 48 SCIenTIFIC REPORTs | (2018) 8:12305 | DOI:10.1038/s41598-018-30022-7 We can now replace  ij in Eq. (11) by ij  given in Eq. (10), what yields to 
The existence of the lower bound of the GTE distribution is confirmed if one can find real positive amplitudes a, b, c, d, r and phase φ which satisfy Eq. (13a-c) for any value of τ.
We note that there are two important examples of states that provide the lower bound, namely the GGHZ and MS states. The GGHZ states are defined as,
for all pairs ij and the three-tangle is simply given by τ = 4c 2 d 2 (see Eq. (10)). The MS
and τ(ψ M ) = 2c 2 . As we see, since c and d can take any real positive value (up to the normalization constraints), both the GGHZ and MS states cover the entire available range of τ, what confirms the correctness of previous assumption.
Note that both the GGHZ and MS states belong to the three-parameter GHZ subfamily, , i.e., for the W state. Moreover, for the W state the condition
ij W i j W is satisfied for all pairs ij and hence, the W state determines the upper bound on π ABC for τ = 0.
When τ > 0 the estimation of the upper bound is much more complicated. Due to the length of the calculations we omit the details of our analysis and present only a general schema. However, the quality of our results are confirmed by numerical calculations presented in this paper. Our calculations are based on the method of Lagrange multipliers with
taken as a target function subject to five constraints:
 , ij  are given by Eq. (10) and τ is considered as a constant value. Based on the previous discussion one can also assume c, d ≠ 0.
Differentiating  with respect to x = {a, b, c, d, r, φ} and setting
gives six polynomial equations (sufficient conditions). Analyzing the stationary points of the partial derivatives of Lagrangian  we have determined the upper bound states |ψ T 〉 that are described by the amplitudes 
T T T inverse transformation to the one given by Acín et al. in ref. 63 . Then, the states |ψ T 〉 can be written in a standard form as
. These states are known as tetrahedral states (or generalized triple states) 64 and can be interpreted as a proper superposition of the reverse W state and the vacuum state. For the tetrahedral states we have found
  for all ij. Using these expressions it is easy to show that
. In other words, for τ > 0 there is no three-qubit pure states with rank-2 quasi-distillable reduced states ρ ij
62
. Finally, both GTE monotonies are given as
It should be emphasized that the tetrahedral states have been previously recognized as a lower bound of the primary yield of GHZ states from the infinitesimal distillation protocol in terms of τ while the GGHZ and MS states stands for the upper bound 64, 65 . In Fig. 1 the GTE distribution for the previously discussed group of states is presented. The gray area in the figure shows all possible values of π ABC and τ for 10 7 randomly generated tripartite pure states performed to check all of our predictions.
Restriction on the nonlocal correlations. Now, we are in the position to present the main result of this paper. As it was shown above, the lower bound of the GTE distribution can be formed by the GGHZ and MS states. In the first case one can find that the Svetlichny inequality writes ψ = S cd ( ) 8 17 . On the other hand, T max (ψ G ) = 4cd when cd ≥ 1/4 and T max (ψ G ) = 1 for all other cases provided cd ≤ 1/4, which is nothing more than ψ ′ T ( ) G max described in ref. 59 . The MS states give
The last equality (similarly as for GGHZ states) arises from the fact that the two vectors in Eq. (6), i.e. and (|T xxx |, …, |T yyy |) can be made parallel and hence, inequality (7) turns out to be both necessary and sufficient condition for an arbitrary three-qubit state to satisfy the general Bell inequality discussed in ref. 3 . When considering correlation tensor T in local coordinates systems expressed as a sequences of rotation around → − → ′ − → ″ z x z axes (defined by three local angles {ϕ i ,ϑ i ,γ i }), such two parallel vectors are given by {ϕ 1 , ϑ 1 , γ 1 } = {0, 0, 0}, . As we can see in Fig. 2(a,c) , S max (T max ) vs τ for the GGHZ and MS states does not overlap what is in contrast to the GTE distribution. Here, these two functions specify the area of achievable values of S max (Φ) and T max (Φ) for a given amount of τ and the GGHZ and MS states represent the boundary states. For instance, the following relation for the Svetlichny inequality has been established by Emary et al. 15 , ). However, as we see in Fig. 2 (the gray areas) there exist pure states that violate T max (17) and (18)). Gray area corresponds to all admissible values achieved for 10 7 randomly generated three-qubit states. presented in ref. 60 . Since the W state determines the upper bound of GTE distribution for τ = 0, one can ask whether the three-π can be used in order to determine the Tsirelson-like bound for all τ. To answer this question let us examine states described by Eq. (9) where parameters c and d are chosen in such a way to provide a given value of τ. Due to the large number of free parameters that should be optimized, we restrict our research to numerical analysis. For this purpose, a set of random states {|ψ n 〉} corresponding to constant τ is generated. It is natural that these states correspond to different values of π ABC and hence, one can sort S max ({|ψ n 〉}) and T max ({|ψ n 〉}) in ascending order with respect to π ABC . Such results represent a cross section of S max vs τ (T max vs τ). The exemplary outcomes have been presented in Fig. 2(b,d) . As we see, when π ABC increases the interval width of S max ({|ψ n 〉}) and T max ({|ψ n 〉}) for a given π ABC decreases. However, the upper bound of such interval always rises. Consequently, when π ABC ({|ψ n 〉}) approaches its maximum value the Tsirelson-like bound of S max and T max for a given amount of τ is reached. These results give a strong evidence that the upper bound states |ψ T 〉 yield the maximum possible value of S max and T max for a given amount of τ. For the |ψ T 〉 states we have found that both nonlocality measures (Eqs (5) and (6)) are given as (19) and (20), respectively). Gray areas correspond to all admissible values achieved for 10 7 random three-qubit states and dotted lines indicate the local variable theories limits. Black vectors denote cross sections of S max and T max for τ = 0.22 presented in panels (b) and (d), respectively. In these panels, gray points represent all admissible values of S max and T max achieved for randomly generated three-qubit states {|ψ n 〉} which correspond to τ = 0. 22 
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and g x , g y are the components of the unit vector. What is important, all variables that enter Eq. (20) (namely, g x , g y and γ) are functions of a T . For that reason, the final form of T max (ψ T ) is far from being easily presented. However, for given value of a T Eq. (20) can be maximized within straightforward calculations. In particular, one can simplify the problem and assume γ = for a given value τ. As we can see in Fig. 2 , our results are in perfect agreement with numerical calculations for both S max (ψ T ) and T max (ψ T ) in the entire range of τ. Therefore, even if states |ψ T 〉 do not have the status of the exact analytical boundary, indisputable closeness to the upper limit of S max (ψ T ) and T max (ψ T ) allows one to consider |ψ T 〉 as the Tsirelson-like bounds. Furthermore, the above observation provides an interesting relations between three concepts i.e. tripartite entanglement monotony, GHZ destilation and non-locality what makes those states promising for further studies in specific information processing tasks. In particular, the tetrahedral states have been recently successfully used for perfect controlled teleportation of equatorial states 39 . Finally, it is important to mention that the numerical calculations described above reveal another interesting feature i.e. for all analyzed states the quantity 
, , 2 which is simplest than Eq. (6). However, further studies in this field are needed.
GHZ-symmetric mixed states.
Let us now verify whether the conciliation between the restriction of non-locality and π ABC can be observed for mixed states. For that reason we consider an example of the mixed state, namely the GHZ-symmetric states, i.e. the family of all mixed states ρ S that obey the same symmetry as the GHZ states 56, 57 . In particular, this family include the three-qubit generalized Werner states. The GHZ-symmetric state are fully specified by two independent real parameters (x, y). The set of states ρ . Due to the symmetry of GHZ states one can assume, without loss of generality, that x ≥ 0. As we see, π ABC is a linear-dependent function of x and y. Consequently, the maximal value of π ABC (x τ , y τ ) for τ = 0 is located at = x y ( , ) (3/8, 3 /6) 0 0 (what corresponds to v = 1). This is also the upper limit of T max (x τ , y τ ) and S max (x τ , y τ ) since for a given y 0 one cannot increase x due to the limitation of the (x, y) plane described above and any changes of y 0 (restricted to τ = 0) causes decrease of x. Analogously, one can show that for τ > 0 the upper border of π ABC (x τ , y τ ) is given by
. Also in this case it determines the maximal values of T max (x τ , y τ ) and S max (x τ , y τ ). In other words, the upper border of π ABC (x, y) vs τ(x, y) determines the restriction on the nonlocal correlations for all τ and the GHZ-symmetric states share this property with the pure states.
Conclusions
In summary, we have solved several problems about the GTE measures and their relations with non-locality. First of all, we have established the restrictions of violations of Bell-type inequalities for tripartite states with a given entanglement properties (quantified by the three-tangle). We have derived a one-parameter family of states that yield the extremal quantum values of the Bell-type inequalities. Those states are known as tetrahedral states and reveal extremal properties also with respect to the GHZ-states distillation and the GTE distribution, i.e., the highest difference in the estimation of GTE by mean of three-tangle and three-π. As a consequence of the last one, the Tsirelson-like boundary can be found by simultaneous use of π ABC and τ. This observation has also been verify for the GHZ-symmetric mixed states and we have found a good agreement with our predictions. Therefore, the proposed method allows to characterize the limits of non-locality which are quantum mechanically possible for a state with given entanglement properties with help of a computable measure, π ABC . We note that further studies of the relation between GTE distribution and the Tsirelson-like boundary for the mixed states are complicated by the need of the exact results of the mixed-state three-tangle. Nonetheless, we believe that our results shed a new light on the understanding of both GTE monotonous discussed in this paper and their connection with non-locality. Especially, the tetrahedral states seem to have important meanings for further studies in the field of quantum theory. Furthermore, the analysis presented in this paper seems to be promising in further extension to the N-partite case. . Inserting all these result to Eq. (23) and putting θ =
